The rapid-distortion model of Hunt & Graham (1978) for the initial distortion of turbulence by a flat boundary is extended to account fully for viscous processes. Two types of boundary are considered: a solid wall and a free surface. The model is shown to be formally valid provided two conditions are satisfied. The first condition is that time is short compared with the decorrelation time of the energy-containing eddies, so that nonlinear processes can be neglected. The second condition is that the viscous layer near the boundary, where tangential motions adjust to the boundary condition, is thin compared with the scales of the smallest eddies. The viscous layer can then be treated using thin-boundary-layer methods. Given these conditions, the distorted turbulence near the boundary is related to the undistorted turbulence, and thence profiles of turbulence dissipation rate near the two types of boundary are calculated and shown to agree extremely well with profiles obtained by Perot & Moin (1993) by direct numerical simulation. The dissipation rates are higher near a solid wall than in the bulk of the flow because the no-slip boundary condition leads to large velocity gradients across the viscous layer. In contrast, the weaker constraint of no stress at a free surface leads to the dissipation rate close to a free surface actually being smaller than in the bulk of the flow. This explains why tangential velocity fluctuations parallel to a free surface are so large. In addition we show that it is the adjustment of the large energy-containing eddies across the viscous layer that controls the dissipation rate, which explains why rapid-distortion theory can give quantitatively accurate values for the dissipation rate. We also find that the dissipation rate obtained from the model evaluated at the time when the model is expected to fail actually yields useful estimates of the dissipation obtained from the direct numerical simulation at times when the nonlinear processes are significant. We conclude that the main role of nonlinear processes is to arrest growth by linear processes of the viscous layer after about one large-eddy turnover time.
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Introduction
Turbulence at finite Reynolds number is always subject to dissipation by viscosity. And when a turbulent flow is unforced, it decays in a time that scales on the decorrelation time for the energy-containing turbulent fluctuations (Batchelor 1953) . Hence the dissipation rate, together with the turbulent kinetic energy, provides a time scale for the evolution of the turbulent flow. Parameterization of the dissipation rate is therefore at the heart of many Reynolds-averaged models of turbulent flows. Nevertheless, there are at present few calculations of the dissipation rate, a notable exception being the study of Hallbäck, Groth & Johansson (1990) where, however, the effect of boundaries is not considered. In the present study we develop an exact calculation of the dissipation rate in the rapid-distortion limit.
The study of the dissipation rate of turbulence presented here was motivated by a general desire to understand better turbulence near a free surface, and has practical importance for transfer of sparingly soluble gases into a liquid that is in turbulent flow (Theofanous 1984) . Now, free surfaces cannot support mean shear, since by definition a 'free' surface must support zero surface stress. Hence, we focus here on turbulence near a free surface in the absence of mean shear.
Shear-free turbulence near boundaries has been the subject of extensive study following the pioneering laboratory measurements of Uzkan & Reynolds (1967) and Thomas & Hancock (1977) . The definitive theoretical study of Hunt & Graham (1978) , based on rapid-distortion theory, shows that the boundary leads to a layer of blocking, where the normal velocity fluctuations are brought to zero, and to a thinner viscous layer, where the tangential velocity fluctuations adjust to the condition at the boundary. More recently, Pan & Banerjee (1995) carried out direct numerical simulations of free-surface turbulence in channel flow, identifying three main flow structures: upwellings, downwellings and persistent vortices 'attached' to the free surface. Perot & Moin (1995a) and Walker, Leighton & Garza-Rios (1996) have reported direct numerical simulations of shear-free boundary layers, which provide inter alia data for profiles of the rate of dissipation of the turbulence and other correlations. These studies reveal significant differences between shear-free boundary layers near solid walls and free surfaces, such as the higher tangential Reynolds stress and lower dissipation near a free surface. An objective of the present study has been to clarify and quantify the mechanisms responsible for these differences.
In this paper the rapid-distortion model developed by Hunt & Graham (1978) for the initial response of initially homogeneous turbulence to the sudden imposition of a boundary is further developed to account fully for the viscous effects of free surfaces and solid walls. The dissipation rate of the turbulence is then calculated from the model. It is a significant question whether or not rapid-distortion theory (hereafter RDT) can be usefully used to calculate dissipation. The reason is that the crucial assumption used in RDT of neglecting nonlinear interactions within the turbulence is usually justified, following the original RDT paper of Batchelor & Proudman (1954) , by scaling estimates based on the dynamics of the energy-containing eddies; dissipation, in contrast, is usually associated with the smallest eddies, for which nonlinear processes become important at earlier times. The calculations presented here show how and why RDT can be used to provide useful estimates of dissipation.
The remainder of the paper is organized as follows. In § 2 a scaling analysis of the equations of motion is presented, which identifies some conditions for the validity of the RDT model. In § 3 the response of a single Fourier mode of the turbulence to a solid wall and to a free surface is calculated. These Fourier modes are integrated over a spectrum in § 4 to obtain statistics of the flow near the boundary. In § 5 results are presented for the Reynolds stress and dissipation rate and compared with the DNS data of Perot & Moin (1993 , 1995a . Finally, in § 6, conclusions are presented.
Scaling the equations of motion
Following Hunt & Graham (1978) , we study the following model problem. For times t < 0, there exists homogeneous turbulence everywhere, characterized by an integral length scale, L, and a root-mean-square velocity scale, U. At time t = 0, a boundary is introduced at z = 0 and we investigate the initial response and subsequent evolution of the turbulence for t > 0+ below the interface z 6 0. Two types of boundary are considered: a solid wall and a free surface. A solid wall imposes the condition that u α = w = 0 at z = 0, where u α (α = 1 or 2) are the tangential velocity components and w is the normal velocity component. We consider the distortion of the turbulence by a free surface in the limit of either strong gravity, gL/U 2 1, or strong surface tension, T /(ρLU 2 ) 1, whence the interface remains nearly flat. The free surface then imposes the conditions that the surface is stress free, τ α = µ∂u α /∂z = 0 (for α = 1 or 2), and vanishing normal velocity, w = 0. Far below the boundary, the turbulence tends to the homogeneous form it took before insertion of the boundary.
As shown originally by Hunt & Graham (1978) , flow in the vicinity of the boundary has a two-layer structure. Following Hunt & Graham, the thickest layer is here called the source layer. This layer is associated with the kinematic blocking effect of the boundary, wherein irrotational motions are induced to bring the normal component of the fluid velocity to zero at the boundary. The source layer responds immediately to the introduction of the boundary and has thickness and velocity scales L and U, the scales of the turbulence far below the boundary. The thinner inner-most layer, called here the viscous layer, is associated with the viscous effect of the boundary, and is where rotational motions are induced to adjust the tangential motions to the surface boundary condition: in the case of a solid wall the tangential velocity is brought to zero, or in the case of a free surface the tangential stress is brought to zero. The viscous layer is characterized by velocity and length scales determined by its own internal dynamics, so that immediately after the boundary is introduced the viscous layer has zero thickness; it then grows with time as momentum is diffused by molecular viscosity away from the boundary.
For the purposes of scaling the equations of motion, it is useful to split the turbulent velocity field into three components: the velocity field associated with the homogeneous turbulence in the absence of the boundary, u (H) i ; the velocity field induced in the source layer, u (S) i ; and the velocity field induced in the viscous layer,
According to the description given above, both u (H) i and u (S) i scale as U and vary over the integral length scale L. The depth of the viscous layer scales as δ(t) and the velocity there varies parallel to the flat interface over the scale L. The tangential components of the velocity in the viscous layer, u (V ) α (α = 1 or 2), have magnitudes that are determined from the additional boundary condition at the interface. Hence for a solid wall the no-slip boundary condition yields u (V ) α = O(U) (α = 1 or 2), so that by continuity w (V ) = O(Uδ/L). And for a free surface the no-stress boundary condition, ∂u α /∂z = 0, yields u (V ) α = O(Uδ/L), so that by continuity w (V ) = O(Uδ 2 /L 2 ). The free surface evidently leads to a weaker constraint on the turbulence and hence induces smaller velocities in the viscous layer.
In order to scale the dynamical equations controlling these velocity components, it is helpful to define two time scales. The first is the time scale for turbulent velocity fluctuations to decorrelate, T L = L/U. The second is the viscous time scale, which is a measure of the time it takes for the viscous layer to grow to a thickness δ, and is defined as T ν = δ 2 /ν. We consider here the initial development of the turbulence after insertion of the boundary and hence we consider times such that T ν T L . This limit can be expressed in terms of the Reynolds number, Re = UL/ν, and the ratio of the thickness of the viscous layer to the integral length scale of the turbulence, δ = δ/L to yield Re δ 2 1. When the boundary is introduced instantaneously at time t = 0, the viscous layer initially grows as δ ∼ (νt) 1/2 and T ν ∼ t; however, it is useful to retain the designation T ν in order to emphasize that the scalings of the viscous layer depend on the thickness of that layer and not explicitly on time.
On substituting the decomposition of the velocity into components (2.1), and on using their scalings described above, it is found that, in the limit that T ν T L , flow near either a solid boundary or a free surface is described by a simplified form of the vorticity equation, namely Hunt & Graham 1978) . The tangential vorticity budget is therefore dominated by changes induced by viscous diffusion. Inviscid processes, such as vortex stretching, are negligibly small in this limit. Hence the vorticity changes only in the viscous layer, since this layer is by definition the layer of fluid affected by viscous diffusion. We also conclude, as did Hunt & Graham (1978) , that in the source layer the vorticity is unaffected by insertion of the boundary and hence perturbations to the velocity there, u (S) i , are irrotational and can be described by a velocity potential, such that u (S) i = ∂φ (S) /∂x i . The physical reason for this is that the blocking effect of the boundary is felt instantaneously, whereas vorticity generated by inviscid nonlinear processes takes a time of order T L to become important. Therefore, when t T L , the velocity perturbation u (S) i induced by the boundary is essentially irrotational. Since initially T ν ∼ t, our scalings show that both the appearance of an irrotational velocity component in the source layer due to blocking by the boundary and tangential vorticity generation by viscous processes in the viscous layer are more important than vorticity generation by inviscid processes in the limit T ν T L . Hence, the criteria for both these approximations turn out to be the same in practice, although the scaling of the viscous layer is based on T ν , whereas the scaling of the source layer is based explicitly on time.
The tangential momentum equation may be scaled in a similar way and, if T ν T L , it is found to take the simplified form are approximately steady compared with the viscous part of the flow, u (V ) i . The tangential velocity components, u (V ) α , exist inside the viscous layer so that the boundary condition on tangential velocity is satisfied. These tangential motions vary along the boundary and generate regions of convergence and divergence and hence a normal velocity component, of order u (V ) α δ/L, at the outer edge of the viscous layer. These motions slightly modify the flow in the source layer. The corresponding corrections are treated by expanding the solutions for u (S) i and u (V ) i in power series of the small parameter δ = δ/L, for example
(2.5)
where the powers of δ have been incorporated into the terms of the series. In the following, the series for u (V ) α (α = 1 or 2) and u (S) i will be calculated to second order in δ in the case of a solid wall and to third order in δ in the case of a free surface.
Higher-order terms are affected by nonlinear processes and have been neglected. A detailed justification of this procedure is presented in § 4.2. The series expansion of the normal velocity, w (V ) , is truncated at one order higher than those of the tangential components. This is done so that the series conserve mass exactly, which is important to do if the Reynolds stresses and the dissipation rates are to have the correct behaviour near the boundary. The price paid is that the solutions have small errors far from the boundary, but these are deemed less serious, since it is the near-wall region that is of interest here.
Distortion of a single Fourier component of velocity fluctuation
The model developed in the previous section, based on the diffusion equations (2.4) and (2.3), is now solved for the cases of a solid wall and a free surface, respectively. Here the modal solutions are calculated for the Fourier amplitudes of the flow variables. These modal solutions will be integrated over the spectrum of the turbulence in § 4.
Solid wall
We begin by considering the effects of a solid wall. If the series (2.5) are substituted into the tangential momentum equation, then, to the three lowest orders in δ , the equation for velocity in the viscous layer becomes
where α = 1 or 2 and j = 0, 1 or 2. Mass conservation then determines the normal component of velocity.
In the source layer, where as argued above u (S) i = ∂φ (S) /∂x i , mass conservation requires that the velocity potential φ (S) satisfies the Laplace equation, which means that for j = 0, 1 or 2 ∇ 2 φ (Sj) = 0.
(3.
2) The boundary conditions are as follows. The flow tends to the original homogeneous turbulence, u (H) i , far below the boundary. Hence both φ (Sj) and u (V j) i tend to zero far below the boundary. The normal and tangential velocity components vanish at the boundary. Finally, the initial condition states that the initial vorticity equals the vorticity in the homogeneous turbulence. Hence u (V ) i vanishes everywhere at t = 0+. These equations are solved, following Hunt & Graham (1978) , by noting first that the homogeneous turbulent velocity u (H) i may be expressed as a superposition of Fourier modes,
is the Fourier amplitude and k = (k 1 , k 2 , k 3 ) is the wavenumber vector. Note secondly that, due to the geometry of the problem, u (V ) i and u (S) i (and hence also φ (S) ) are homogeneous in the directions tangential to the boundary, and so they can equally be expressed as a superposition of Fourier modes along those directions:
Hence, since the equations are linear, the response of one Fourier mode only needs to be considered. The solution for the Fourier amplitude of the velocity potential in the source layer obtained by solving (3.2) is found to bê
where k 12 = (k 2 1 + k 2 2 ) 1/2 , and which is correct up to second order in δ . The zerothorder part of (3.5) is the well-known inviscid solution of Hunt & Graham (1978) ; the corrections of O(δ ) and O(δ 2 ) are new. The components of u (S) i are easily calculated from the potential φ (S) .
The viscous solution may be found by solving (3.1) subject to the boundary and initial conditions. The Fourier amplitude of the tangential velocity iŝ
where α = 1 or 2 and δ = 2(νt) 1/2 . The corresponding Fourier amplitude of the normal velocity iŝ
3.2. Free surface The solutions are now calculated for turbulence near a free surface. If in the viscous layer the series (2.5) are substituted into (2.3) then for j = 0, 1, 2 or 3 the tangential velocity components satisfy ∂ ∂t
where α = 1 or 2, and, as for the solid wall, the vertical velocity component is obtained from continuity. In the source layer the velocity potential satisfies the Laplace equation (3.2) as for a solid wall.
The boundary conditions ensure that the turbulent velocity tends to the homogeneous turbulence far below the boundary, and that at the boundary, z = 0, the normal velocity component and the normal derivative of the tangential velocity components (and hence also the tangential stress) vanish.
The solution for the Fourier amplitude of the velocity potential in the source layer, correct to third order in δ , is found to bê
Again, the zeroth-order part of (3.9) is the well-known inviscid solution of Hunt & Graham (1978) and is identical to the solution calculated for a solid wall. The corrections, which arise due to vertical motions induced in the viscous layer, are new and are different from the corrections toφ (S) obtained for a solid wall because the solutions in the viscous layer are different. The velocity in the source layer is easily calculated from the velocity potential φ (S) . The viscous solution for the amplitude of the tangential velocity iŝ
where α = 1 or 2. The corresponding amplitude of the normal velocity iŝ
The differences between the solutions for a solid wall and a free surface will be illustrated later when statistics of the flow have been calculated.
Integration of Fourier amplitudes to obtain statistics
In § 3, solutions were found for how the Fourier amplitudes of the flow variables respond to the presence of the boundary. These modal solutions are now integrated over a spectrum of wavenumbers in order to understand the response of turbulence consisting of fluctuations on a wide range of scales. In this way the turbulence near the boundary is related to the spectrum of the undistorted turbulence far from the boundary. First, to validate the RDT method used here, profiles of the Reynolds stresses are calculated and compared with the profiles that Perot & Moin (1993 , 1995a obtained by DNS. Then rates of turbulence dissipation are calculated using the model, which have not been calculated hitherto with RDT. Finally, these results are compared with the dissipation rates computed by Perot & Moin (1993 , 1995b .
Statistics of the distorted turbulence are related to statistics of the undistorted turbulence far from the boundary using the framework developed by Hunt (1973) . The solution for a single mode of the velocity fluctuation is given by the distorted Fourier amplitudeû i (k 1 , k 2 , z, t), which is related to the complete velocity field u i (x, t) by
Since the RDT model is linear, the distorted Fourier amplitude is linearly related to the Fourier amplitude of the undistorted turbulence,û (H) i , and so can be written
The matrix M ik is extracted from the solutions calculated in § 3 and is listed in the Appendix. Statistics of the flow are then calculated on recalling that the Fourier amplitude of the undistorted turbulence is related to the three-dimensional wavenumber spectrum,
3) where the overbar denotes ensemble averaging.
Using (4.1), (4.2) and (4.3), the Reynolds stresses can then be written
where i = 1, 2 or 3. The diagonal elements of the Reynolds stress tensor (the velocity variances) are the only non-zero components for the initially isotropic, shearfree turbulence considered here. Accordingly, only the diagonal components of the dissipation tensor are non-zero. These are defined by
(4.5)
where i = 1, 2 or 3. The variances of velocity derivatives along the boundary are calculated from the undistorted turbulence by
where i = 1, 2 or 3 and α = 1 or 2. The variances of derivatives normal to the boundary are calculated from the undistorted turbulence by
Thus, the Reynolds stresses and the components of the dissipation rate tensor are calculated from the spectrum of the undistorted turbulence.
In order to proceed further, the undistorted turbulence far from the boundary is supposed to be homogeneous and isotropic. The three-dimensional velocity spectrum is then related to the energy spectrum E(k) by
where the energy spectrum is defined by
Once the form of the energy spectrum is specified, (4.4) and (4.5) can be evaluated to give profiles of the Reynolds stresses and the dissipation rates.
4.1. The model for the energy spectrum In their inviscid RDT calculations, Hunt & Graham (1978) used the von Kármán form of the energy spectrum E(k) = U 2 L g 2 (kL) 4 (g 1 + (kL) 2 ) 17/6 , (4.10)
where g 1 and g 2 are dimensionless constants. This form has an inertial subrange (where the spectrum decays as k −5/3 ) that extends to k → ∞, corresponding to infinite Reynolds number. This spectrum is appropriate for calculating quantities that receive their greatest contribution from the energy-containing part of the spectrum, such as the Reynolds stresses, but it is not appropriate for calculating quantities that receive a significant contribution from the high wavenumbers, such as the dissipation rate.
In fact, because the von Kármán spectrum does not have a viscous cutoff at high wavenumbers, the integrals that give the dissipation rate, (4.6) and (4.7), diverge. Hence, here it is necessary to use a form for the energy spectrum that accounts for the viscous processes at high wavenumbers.
According to Tennekes & Lumley (1972, p. 269) , for large Reynolds number, the energy spectrum at high wavenumbers is reasonably well approximated by
where α is a constant approximately equal to 1.5 and the Kolmogorov microscale, η, is given by
where ε = ( 1 2 ) (ε 11 + ε 22 + ε 33 ) is the isotropic dissipation rate in homogeneous turbulence.
Hence, an obvious extension of (4.10) for finite Reynolds numbers is
This form must be made to satisfy three constraints in order to become completely defined. The first constraint results from the definition of root-mean-square velocity,
, with i = 1, 2 or 3. Since the total kinetic energy of the homogeneous turbulence is given by the integral over all wavenumbers of E(k) (see (4.9)), then
The second constraint is that the length scale L in (4.13) is defined as the longitudinal integral length scale, so that
( 4.15) The third constraint is given by the definition of viscous dissipation in homogeneous isotropic turbulence, namely
If these constraints are cast into dimensionless form they can be used to determine the unknown coefficients in (4.13).
If the dimensionless wavenumber is defined as k = kL then equation (4.12) shows that
where ε is the dimensionless dissipation rate. The dimensionless energy spectrum, defined as E (k ) = E(k)/(U 2 L), is then
The three constraints (4.14), (4.15) and (4.16) then take the dimensionless form
Hence, for a given value of α and a given Reynolds number, the dimensionless spectrum (4.18) contains three unknown parameters: g 1 , g 2 and ε , which can be determined uniquely by solving the implicit equation set (4.19) .
The numerical evaluation of the integrals that determine the dissipation rate is made simpler if this form of the spectrum (4.18) is approximated by truncating at a finite wavenumber, k max , namely
where k max = k max L is the dimensionless cutoff wavenumber. Here k max is determined by requiring that the dimensionless dissipation rate is correct. In the limit of high Re the high wavenumbers dominate the dissipation rate, hence the full spectrum (4.18) gives Hence k max is of order 1/η. Figure 1 shows plots of the dimensionless profiles of the truncated spectrum (4.20) and full spectrum (4.18) for Re = 70 and α = 1.5. Figure 2 displays the dependence of dimensionless dissipation on the Reynolds number for the complete spectrum and the truncated spectrum, together with values computed with DNS by Jiménez et al. (1993) and Wang et al. (1996) . In the complete spectrum, α = 2 (chosen so as to optimize the fit), whereas in the truncated spectrum, α = 1.5, as suggested by Tennekes & Lumley (1972) . While it is clear that the complete spectrum gives an excellent fit to the data, the truncated spectrum also reproduces the general trend quite well for Re > 70. In what follows, all calculations will be performed using the truncated spectrum (with α = 1.5), because this considerably shortens the time required for numerical integration.
Validity of the model
There are two conditions that must be satisfied if the current model is to be valid. First, nonlinear processes in the turbulence have to be negligible compared with the diffusive growth of the viscous layer. As shown in § 2, this condition is met provided Re δ 2 1. Secondly, the small effect of viscosity was included by treating it as a small Figure 2 . Variation of the dimensionless dissipation with the Reynolds number. Solid line, theory using the truncated spectrum (4.20) and α = 1.5; dotted line, theory using the complete spectrum (4.18) and α = 2; squares, data of Jiménez et al. (1993) ; diamonds, data of Wang et al. (1996). perturbation to the inviscid processes. Hence the velocity components were expanded as series in (2.5), and these series were truncated after the first three terms. Now, when statistics are calculated from the modal solutions for velocity, the magnitude of the neglected terms depends on the distribution of energy within the spectrum. Hence, the condition required for these truncated expansions to be valid will now be determined.
The solution for M ik given in the Appendix, which is in the form of a power series in δ, together with the expression for the Reynolds stresses (4.4) show that, for example, the streamwise Reynolds stress is also a series in δ, namely
where the functions g n (k, z) = O(k n ). The peak of the spectrum dominates in the first integral of (4.24), which is therefore independent of k max , but the high-wavenumber tail of the spectrum dominates the second and third integrals. Having in mind that E(k) ∝ k −5/3 at high wavenumbers, these integrals can be estimated to scale as
And the series expansion for the Reynolds stress becomes
where the coefficients A n = O(1). This expansion is asymptotic provided
This condition arises physically from the treatment of the viscous layer as a thin boundary layer, i.e. the assumption that variations across the viscous layer, normal to the surface, are much more rapid than variations along the boundary layer, parallel to the surface. The smallest-scale variations in the source layer just outside the viscous layer are determined by the smallest scale in the turbulence, namely η ∼ k −1 max . Hence this boundary layer approximation is valid only when these smallest scales are much larger than the thickness of the viscous layer.
Since the viscous layer grows initially with time as δ = 2(νt) 1/2 , this condition (4.27) together with the definitions of δ = δ/L and k max given in (4.23), give a condition on time, namely Ut L CRe −1/2 (4.28)
where C = ( 1 4 )(3α/2) 3/2 ε −1/2 ≈ 1 for α = 1.5. Hence for very large Reynolds numbers, when the turbulence has very small scales, the model developed here for the dissipation is valid for only short times. We have indeed detected such a dependence on the Reynolds number in the comparisons between the model and the DNS.
If the scaling analysis is carried out again for the velocity fluctuations taking into account the dependence of their magnitude on the spectrum, as implied by (4.26), then it is found that the terms retained in the expansions for the velocity fluctuations are larger than the nonlinear terms that were neglected provided T ν T L , i.e. that t L/U. This is the conventional requirement for the validity of RDT: in the present flow, the particular form of the spectrum apparently does not affect the form of this approximation.
Truncation errors
Finally, before showing results from the model, we note a practical aspect of implementing the current solutions in calculating statistics of the turbulence near the boundary.
The Reynolds stresses are the square of velocity. So, if the power-series solutions for the velocity are multiplied together, then the highest-order terms in this product series, which correspond to the products of the highest-order terms of the velocity series, are of higher order than the truncation error. Hence these higher-order terms might be considered negligible. However, the original expansions for the velocity satisfy the boundary conditions at z = 0 exactly. Hence, if the high-order products are neglected, then the resulting statistics become unreliable very close to the boundary. The truncated and the non-truncated expressions both have the same formal accuracy, since they differ from each other only by terms of the order the truncation error. Therefore, the full products are prefered here as they preserve the exact boundary conditions at z = 0, and they are adopted everywhere hereafter.
Results and discussion
In this section, theoretical results obtained with the model developed in the preceding sections will be compared with the DNS data presented in Perot & Moin (1993, hereafter referred to as PM93) and Perot & Moin (1995a, b , hereafter referred to as PM95a and PM95b, respectively). Two important preliminary considerations must be discussed before carrying out such a task.
First, the turbulence length and velocity scales defined by these authors are different from those used in this study until now, and have to be related before any comparison is possible. Perot & Moin normalize their data by defining a velocity scale, U * , and length scale, L * , based on the values of the kinetic energy K and dissipation rate ε far from the boundary, i.e.
They then define a Reynolds number in terms of L * and U * :
Noting that the kinetic energy is defined in the present study as K = ( 3 2 )U 2 , the two sets of length and velocity scales and Reynolds numbers are found to be related by U * = ( 3 2 ) 1/2 U, L * = ( 3 2 ) 3/2 ε −1 L, Re * = 9 4 ε −1 Re.
Secondly, the flow computed by Perot & Moin is unforced and so the turbulence decays with time. This decay changes some aspects of the flow, although the main features are the same as if the turbulence were stationary, particularly for short times. In the current model, we assume stationary and homogeneous turbulence away from the boundary. Comparison with data obtained where the turbulence decays might be thought to introduce a new limitation on the time interval over which the model is valid. This is not so, however. Viscous decay of energy in the bulk of the flow is just a manifestation of viscous diffusion of momentum or vorticity in the turbulence far from the boundary, a physical process which was shown to be negligible at early times in the scalings of § 2.
PM93 used Reynolds numbers of Re * = 54, 134 and 374 in their numerical simulations of a solid wall and 6.2, 54 and 134 in their simulations of a free surface. The value of Re * = 6.2 is manifestly too low for the concept of a viscous cutoff to work properly (see § 4.1), and hence this case is not considered here. In terms of the velocity and length scales defined by (5.1), the condition (4.28) for the validity of the analysis of the viscous layer takes the form
For Reynolds numbers of 54, 134 and 374 this condition requires that U * t/L * is smaller than 0.11, 0.07 and 0.04 respectively. Much of the DNS data presented in PM93, PM95a and PM95b are for times when dissipation and nonlinear processes have become important in the dynamics of the turbulence, and the earliest time that they show results for is U * t/L * = 0.1. Therefore comparisons with the theory are made at U * t/L * = 0.1 for the cases when Re * = 54 and Re * = 134. Some qualitative comparisons will be made for later times in § 5.3. 17(a, b) of PM95a and those presented in figure 4 were taken from figures 9(a, b), 12(a, b) of PM95a. The results from the DNS are compared with the current model accounting for the viscous layer, called here the viscous theory, and with inviscid model results, which are obtained from the present model when the viscous layer is ignored (i.e. δ = 0), called here the inviscid theory. Figure 3(a, b) shows profiles of the tangential Reynolds stress, u 2 α , near a solid wall for Re = 54, and 134. The general shape of the DNS curves, as well as the location of their maxima, are well reproduced by the viscous theory. For Re * = 134 the profile from the viscous theory is in excellent agreement with data, while for Re * = 54 the theory gives slightly lower values, although the general agreement remains good. In the inviscid theory the stresses increase monotonically towards the boundary; however the viscous processes arrest this increase and lead to a reduction of the stresses, varying approximately as an error function, so that they are zero actually at the surface. Hence there is a maximum in the tangential Reynolds stress at the thickness of the viscous layer, namely |z| ≈ 3(νt) 1/2 . The maximum value obtained from the model is slightly larger for the larger Reynolds number because, for a given time, the larger the Reynolds number, the thinner the viscous layer. The DNS profiles shown in figure 15 (a-c) of PM95a show a maximum that increases between Re * = 134 and Re * = 374, in agreement with this argument. However, in going from Re * = 54 to Re * = 134 the maximum in the DNS profiles actually decreases. This behaviour might be attributed to an imperfect ensemble average for the case of Re * = 54. Figure 3(c, d) shows profiles of the normal Reynolds stress, w 2 , near a solid wall. In this case, the magnitude and general behaviour of theory and data agree very well, particularly in figure 3(d) , but it is also true that viscous and inviscid theory differ much less. The small differences between the theory and the DNS data in figure 3(c) are attributed to an imperfect ensemble averaging, since they are due to a lack of smoothness in the DNS curve. The curve from the viscous theory captures quite well the viscous behaviour in the region immediately adjacent to the boundary, where w 2 ∝ z 4 due to the no-slip boundary condition. Figure 4(a, b) presents profiles of the tangential Reynolds stress near a free surface. For the same reason as in figure 3(a, b) , the quantitative agreement between theory and data is considerably better for a Reynolds number of 134 than for a Reynolds number of 54 (although not as good as in figure 3b ). As the Reynolds number increases, the viscous model shows a slight increase in the maximum value of the stress, which lies at the free surface. The model shows that this happens because the viscous layer becomes thinner. Surprisingly, the DNS data show the opposite trend. The enforcement of the boundary condition ∂u 2 α /∂z = 0 is evident in the viscous theory profiles, and this is clearly an improvement upon the inviscid theory result. Figure 4(c, d) shows profiles of the normal Reynolds stress near a free surface. Apart from the anomalous behaviour of the DNS data between approximately |z|/L * = 0.5 and |z|/L * = 2, which again may be attributed to an imperfect ensemble averaging, the theoretical and DNS profiles are in very good agreement. The shape of the viscous theory profile is now even closer to inviscid theory, because the effect of the viscous layer on normal velocity is very weak. Figures 5 and 6 present profiles of the turbulence dissipation rate for a solid wall and for a free surface, respectively. In both figures, the dimensionless time is U * t/L * = 0.1 and the Reynolds numbers are 54 and 134. The DNS data presented in figure 5 were taken from figures 3.3.9, 3.3.10, 3.3.18 and 3.3.19 of PM93 and those presented in figure 6 were taken from figures 3.2.10, 3.2.11, 3.2.21 and 3.2.22 of PM93. Figure 5(a, b) shows profiles of the rate of dissipation of tangential Reynolds stress, normalized by their value far from the boundary. The agreement of the viscous theory profiles with the DNS data is very good. Even in the viscous layer adjacent to the boundary, where the profiles display large variations because the velocity gradients are large, the theoretical values show good agreement with the DNS. The inviscid theory, of course, completely fails to model dissipation correctly in this region, giving values which are much lower than observed. Figure 5(c, d) presents profiles of dissipation of normal Reynolds stress near a solid wall. The agreement of the viscous theory with the DNS data is good, although dissipation given by the model is slightly smaller in an intermediate region between the boundary and the far field. Curiously, in this region, the inviscid theory gives a better approximation to the data, particularly in figure 5(c) but, as would be expected, the inviscid theory behaves much worse than the viscous theory inside the viscous layer, where the dissipation decreases to zero towards the boundary. Figure 6(a, b) shows profiles of the tangential dissipation rate near a free surface. The agreement of the viscous theory and DNS data is good, although there is an overestimation of the maximum in dissipation for Re * = 54 and a slight overestimation of the viscous layer thickness for Re * = 134. Nevertheless, it is clear that the profiles of the viscous theory are much better than those of the inviscid theory and there are also signs that the ensemble averaging of the DNS data may not have been perfectly stable. The important finding here, which has implications for the evolution of the tangential Reynolds stress, is that dissipation attains an absolute minimum exactly at the boundary. This contributes towards an intensification of the turbulence at the free surface, a phenomenon noted by Hunt (1984a) , PM95a and Walker et al. (1996) . Using an inviscid model, Hunt (1984a) attributed this phenomenon to the distortion of vorticity by the upwelling zones that exist near the boundary. PM95a subsequently suggested that this effect is linked to the pressure-strain terms in the turbulent kinetic energy budget near the boundary. While this physical process surely exists, our model supports the idea (put forward by PM95a) that the main factor enhancing the tangential Reynolds stresses at short times is the minimum in tangential dissipation at the boundary: the pressure is intrinsically nonlinear and so scaling arguments of § 2 show that it is negligible at short times. This minimum in dissipation, together with the no-stress boundary condition, also explains the persistence of the 'attached' vortices observed in the experiments of Pan & Banerjee (1995) . The reason why these vortices are two-dimensional, with a vertical axis of rotation, is because the no-stress boundary condition imposes zero horizontal vorticity at the free surface. And they persist for a long time because the dissipation is reduced near the boundary. Figure 6(c, d) presents profiles of the normal dissipation rate near a free surface. The agreement of viscous theory with DNS data is very good, particularly for Re * = 134. Again, a very substantial improvement in the results is achieved inside the viscous layer by the viscous theory, as compared with inviscid theory. In this layer, dissipation is considerably reduced, but not as much as near a solid wall, and attains a finite value at the free surface.
Profiles of the Reynolds stresses

Profiles of the turbulence dissipation rate
In all the cases analysed above, the behaviour of the turbulence dissipation profiles can be related to the behaviour of the corresponding Reynolds stresses. Basically, dissipation is high in the regions where the velocity gradients are also high. For example, in the viscous layer of a solid wall, the high tangential dissipation results from the steep gradients in tangential Reynolds stress which are required to satisfy the no-slip boundary condition. The fact that normal dissipation is zero at the boundary can be explained using mass conservation and the no-slip boundary condition: since the tangential velocity u α is zero at the boundary, its tangential derivatives are zero, hence by continuity, the normal gradient of the normal velocity is zero. Since the tangential gradients of the normal velocity are also zero, because the boundary is flat, the normal dissipation has to be zero according to (4.5) with i = 3.
In the viscous layer of a free surface, the reduced tangential dissipation is attributed to the no-stress boundary condition, which imposes a zero normal gradient of the tangential Reynolds stress at the boundary. The dissipation is not zero at the boundary because there are still tangential gradients of the tangential velocity. The normal component of dissipation, on the other hand, is finite and non-zero at the boundary because the no-stress boundary condition permits the existence of normal gradients of the normal velocity component.
A striking aspect of these comparisons is the success of the RDT model in predicting turbulence dissipation -a process usually associated with the smallest scales of the turbulence. RDT is justified by a time-scale analysis based on the energy-containing eddies, and so is expected to fail for small-scale eddies which evolve on a shorter time scale (Batchelor & Proudman 1954) . However, in the bounded flows studied here, dissipation near the boundary is dominated by the large gradients of the velocities associated with the energy-containing eddies in the viscous layer. The small-scale eddies are of secondary importance in determining the dissipation rate inside the viscous layer. This may explain in part why the normal dissipation rate profiles in figure 5(c, d) agree less well with the DNS data in an intermediate region between the viscous layer and the far field. In that region, dissipation has not yet reached its far-field value, but the large-scale velocity already has much weaker gradients, so the velocity gradients of the smaller scales have an increased importance and, as a consequence, RDT is less accurate. In the viscous layer, the role of the smallest scales in the turbulence is primarily that of limiting the magnitude of dissipation through the viscous cutoff wavenumber k max , but these small scales are relatively unimportant for determining the actual shape of the dissipation profiles. Figure 7 shows profiles of the tangential and normal dissipation rates near a solid wall and a free surface, for a Reynolds number of 134, at the times U * t/L * = 0, 0.01, 0.05, 0.1 and 0.15, as calculated from viscous theory. The DNS data presented in the same figure were taken from figures 2 and 3 of PM95b, and refer to the much later time U * t/L * = 2.
Time evolution of dissipation
The evolution of the theoretical solutions with time can be seen. At t = 0, the dissipation rates begin by being equal to the dissipation rates calculated from inviscid theory. At the boundary, the tangential dissipation component is twice its value in the far field, and the dissipation smoothly decays to its far-field value as one moves away from the boundary. The normal dissipation has the same value at the boundary and in the far field, with a minimum in between located at about z/L * = 0.05.
As time progresses, the influence of the viscous layer spreads over increasingly larger distances, and the theoretical profiles come to resemble the DNS profiles much more closely, in particular regarding the location of maxima and minima. The match is not perfect, however, because while the model gives a reasonable prediction of the thickness of the viscous layer at a model time of U * t/L * = 0.1 or U * t/L * = 0.15 (in particular in figure 7b -d) , the DNS curves tend to decay much more slowly towards their asymptotic value far from the boundary than the theoretical curves. We attribute this behaviour to the additional diffusive effect of the turbulent transport (neglected in the model), which can be felt far outside the viscous layer.
Near a solid wall, tangential dissipation (figure 7a) is enhanced inside the viscous layer. As the viscous layer thickens, the maximum in the dissipation, which occurs at the boundary, is reduced as the velocity gradients in the viscous layer reduce. A region where dissipation is lower than in the inviscid profile exists at the edge of the viscous layer. Qualitatively, the DNS profile at the late time, U * t/L * = 2, displays similar features, as follows. The maximum at the boundary is higher than would be expected from inviscid theory, consistently with the existence of a viscous boundary layer. However, the value at the maximum is considerably lower than at early times, and the region of lowered dissipation noted in the theoretical profiles is more pronounced and spread over a much wider distance. The time evolution of the normal dissipation shown in figure 7(b) begins with a local maximum very near the boundary. This maximum is progressively eroded because of the growth of the viscous layer and the constraint that normal dissipation is zero exactly at the boundary. Nevertheless, a residual maximum in curvature persists in the theoretical profiles up to the latest time considered, and this maximum may also be observed in the DNS data. At U * t/L * = 0.15, the theoretical profile departs slightly from its correct value far from the boundary, because the truncation error has become large as the power series of the solution ceases to be asymptotic (see § 4.2).
For a free surface, the tangential dissipation (figure 7c) begins by having a maximum near the boundary, and a sharp reduction exactly at the boundary, associated with the no-stress condition. As time progresses, these features become smoothed. The maximum decreases and moves away from the boundary and the minimum also decreases slightly, becoming distinctly lower than the dissipation value far from the boundary. The thickness of the viscous layer, as identified by the dissipation maximum, is in good agreement with DNS data for a model time of U * t/L * = 0.15. The normal dissipation (figure 7d) initially has a local maximum at the boundary, followed by a minimum before tending to the far-field value. The maximum is soon eroded as the viscous layer grows, so that at the latest time considered in the model, dissipation has become approximately constant in the viscous layer. Again, there is a certain amount of qualitative agreement of the theoretical profiles at U * t/L * = 0.1 or 0.15 with the DNS profile.
Except for a considerably higher maximum in tangential dissipation at the boundary in the case of a solid wall, and a generally faster decay of the curves towards their far-field values as one moves away from the boundary, which we argue is due to the neglect of turbulent transport, the dissipation profiles presented in figure 7 for the viscous theory at U * t/L * = 0.1 or U * t/L * = 0.15 resemble the profiles obtained from the DNS at the late time U * t/L * = 2. This happens partly because the boundary conditions at z = 0 are independent of time and also because the viscous layer does not grow indefinitely, but rather its growth is halted by nonlinear effects when δ/L ≈ Re −1/2 (Hunt & Graham 1978) . The same nonlinear effects are also responsible for the main differences between the theoretical and DNS profiles, namely the diffusion of relatively sharp features like the minimum in tangential dissipation in figure 7(a) .
Nevertheless, the similarities between the RDT and the DNS at late times remain striking, which suggests the concept of a total diffusion of the viscous boundary layer, akin to the total shear introduced by Townsend (1976) , and used more recently by Mann (1994) , for matching the results of RDT and measurements of equilibrium shear-flow turbulence. Qualitatively, equilibrium shear-flow turbulence and initially isotropic turbulence suddenly distorted by a constant shear are quite different. In equilibrium turbulence, vorticity tilting and stretching by shear is balanced by turbulent transport and viscous diffusion. In rapid distortion by shear, the turbulence is non-stationary, and dominated by vorticity tilting and stretching. Townsend noted that the first kind of turbulence resembled the second if, in his rapid-distortion model, the total shear since the beginning of the distortion was chosen appropriately.
The current model shows that homogeneous decaying turbulence near a solid or free boundary at relatively long times qualitatively resembles turbulence distorted by the same boundary at a given total diffusion of the viscous boundary layer. This total diffusion corresponds to a time T ν when the model breaks down due to the growing relevance of neglected physical processes, such as turbulent transport. The main effect of these processes seems to be to arrest the fast evolution of the turbulence at an early distortion stage, changing it only slowly at subsequent times.
Conclusions
The rapid-distortion model of Hunt & Graham (1978) has been extended to treat the early development of shear-free turbulence near a suddenly introduced solid wall or free surface, taking full account of viscous processes, including the dynamics of the viscous boundary layer. The model is linear and assumes the turbulence to be initially homogeneous and isotropic everywhere, and to remain so far from the boundary. The turbulent velocity field is expressed as a superposition of Fourier modes and then statistics of the velocity field are obtained, given the energy spectrum of the turbulence far from the boundary. The velocity components induced by the boundary are expanded in power series of a small parameter, and terms in the series are considered up to the point where they become comparable with the neglected nonlinear effects. The model is formally valid at short times when (i) the nonlinear terms in the equations of motion are negligible and (ii) the power series of the solution for the turbulent velocity are asymptotic. Condition (i), which is well known from other rapid distortion studies, ensures in this particular case that viscous diffusion dominates over turbulent transport in the dynamics of the viscous layer. Condition (ii), on the other hand, ensures that the viscous layer can be treated as a thin boundary layer, and requires it to be much thinner than the smallest scales in the turbulence. The model makes use of a turbulence spectrum with a viscous cutoff in order to be dynamically consistent. This spectrum was found to lead to a correct dependence of the dimensionless dissipation on the Reynolds number, as compared with recent DNS data.
Reynolds stress and turbulence dissipation profiles were then calculated. The model was able to reproduce the essential observed differences between a solid wall and a free surface. Regarding dissipation, these differences are: dissipation of the tangential Reynolds stress is enhanced near a solid wall, while it is reduced near a free surface; dissipation of the normal Reynolds stress tends to zero near a solid wall, while it is slightly reduced to a non-zero value near a free surface. Results at short times were seen to be in good quantitative agreement with available DNS data, and also to reproduce the qualitative features of DNS data (namely the location of maxima and minima in the profiles) at later times, provided that the time used in the model was appropriately chosen. This suggests that the structure of the turbulence statistics and their differences for each type of boundary are essentially determined by the linear dynamics of the viscous boundary layer.
This study clarifies why the inviscid Hunt & Graham theory can be applied, with relative success, to the prediction of the Reynolds stress profiles near free surfaces at relatively long times (cf. Brumley & Jirka, 1987; PM95a; Walker et al. 1996) . On the one hand, a free surface introduces a relatively weak viscous correction to the essentially inviscid flow associated with the blocking effect of the boundary. That correction reduces only slightly the tangential Reynolds stresses at the boundary so that the boundary condition can be enforced. On the other hand, the tangential dissipation at the free surface is lower than in the bulk of the flow, as mentioned above, and this leads to a slow enhancement over time of the tangential Reynolds stresses which counteracts the reduction associated with the boundary condition. Because of these two opposing effects, the inviscid solution remains valid for times longer than expected.
Ultimately, the viscous layer stops growing, and the effect of dissipation supersedes that of the boundary condition, leading to the tangential Reynolds stresses at the free surface becoming greater than those predicted from inviscid theory. Alternative explanations for this phenomenon have been suggested, involving energy transfer from the normal to the tangential velocity components by the pressure-strain terms in the turbulent kinetic energy equation. However, our model supports the idea, put forward by PM95a, that the minimum in the dissipation profile at the surface plays a crucial role in this phenomenon, at least at the initial stages, because pressure is an intrinsically nonlinear quantity which was seen to be negligible at short times.
Turbulence dissipation also has implications for air-water gas transfer. The speed at which gases are transported across an air-water interface where the water is in turbulent motion is determined by how thin the viscous boundary layer is forced to remain by the turbulence and how fast the turbulent motions replace old fluid near the surface by new fluid (Theofanous 1984) . This surface renewal is determined by the velocity and length scales of the turbulence, and also by the divergence of the flow at the surface, particularly at high Reynolds numbers (Hunt 1984b) . Indirectly, the dissipation profile near a free surface promotes surface renewal by increasing the value of the turbulence velocity scale there. At the same time, the dissipation rate of the normal Reynolds stress, ε 33 , is linked with the surface divergence, through definition (4.5) with i = 3, because at z = 0 the tangential derivatives of the normal velocity are zero and the normal derivative of the vertical velocity can be related, using continuity, to the horizontal divergence. The normal dissipation rate is thus proportional to the mean-square surface divergence, and so promotes surface renewal.
We now present some more general conclusions. One of the main findings of this study is that dissipation near a shear-free boundary is primarily determined by the velocity gradients corresponding to the rapid variation across the viscous boundary layer of the energy-containing eddies. The small scales in the turbulence were seen to be important mainly for limiting the magnitude of dissipation, but not for determining the shape of the dissipation profiles. Therefore, the reason why rapiddistortion theory is in this case appropriate for calculating dissipation is because the boundary introduces a strong inhomogeneity in the flow.
Another key conclusion is that the shape of the dissipation profiles in turbulence near a solid wall or a free surface is essentially determined by the linear dynamics of the viscous boundary layer, even at late times. The effect of nonlinear processes seems to be primarily to arrest the growth of the viscous boundary layer on the one hand and to slightly diffuse the features in the profiles on the other.
